Multispecies interacting charged particles in a two-dimensional quadratic trap are studied. The ground-state configurations for different particle and species numbers are obtained by molecular dynamics simulation. It is found that particles with similar mass-to-charge ratio tend to populate a common shell, whose location depends on the particle mass-to-charge ratio, and that the greater the latter, the closer are the particles to the center of the trap. This scaling for the ground-state configuration is independent of the total particle and species numbers in the system. Two-dimensional ͑2D͒ charged-particle clusters in confined traps have been of considerable interest, since they can model electrons in quantum dots ͓1͔ and on the surface of liquid helium ͓2͔, vortices in superfluids ͓3͔, colloidal particles in traps ͓4͔, confined ferromagnetic particles ͓5-7͔, as well as dust grains in plasmas ͓8-11͔. When confined to a 2D trap, the particles can appear in a lattice structure with the inner particles forming a roughly triangular lattice and the outer ones forming concentric rings that become more and more circular, conforming to the symmetry of the trap ͓12-14͔. Such atomlike configurations have been studied in considerable detail by Schweigert et al. ͓15,16͔, and a practical Mendeleev-like table for the structures has been constructed.
Two-dimensional ͑2D͒ charged-particle clusters in confined traps have been of considerable interest, since they can model electrons in quantum dots ͓1͔ and on the surface of liquid helium ͓2͔, vortices in superfluids ͓3͔, colloidal particles in traps ͓4͔, confined ferromagnetic particles ͓5-7͔, as well as dust grains in plasmas ͓8-11͔. When confined to a 2D trap, the particles can appear in a lattice structure with the inner particles forming a roughly triangular lattice and the outer ones forming concentric rings that become more and more circular, conforming to the symmetry of the trap ͓12-14͔. Such atomlike configurations have been studied in considerable detail by Schweigert et al. ͓15, 16͔ , and a practical Mendeleev-like table for the structures has been constructed.
Recently, Drocco et al. ͓17͔ investigated the structure and melting of 2D clusters consisting of two kinds of charged particles of the same mass, but one species has a charge twice the other. The particles were found to arrange themselves into concentric rings, with those having the larger charge located at the outer edge of the trap. Nelissen et al. ͓18͔ studied the ground states of a 2D charged-particle system containing one or two particles of different mass and charge, and showed that the ground state depends strongly on the charge and mass of these particle͑s͒. More recently, Ferreira et al. ͓19͔ investigated a true 2D binary system, and showed that in the ground state similar particles tend to group together, but mixing of particles in the shells can appear if the mass and charge ratios of the corresponding species are equal. On the other hand, Matthey et al. ͓20͔ investigated a three-dimensional ͑3D͒ system containing two species of particles with the identical mass-to-charge ratio by molecular dynamics ͑MD͒ simulation, and found that the two species can mix completely independent of the relative abundances. However, a difference of one per thousand in the mass-to-charge ratios is sufficient to lead to segregation of the two species. Hornekaer et al. ͓21͔ experimentally studied a 3D two-component ͑ 40 Ca + and 24 Mg + ͒ ionic crystal confined in a Paul trap, and found radial separation of the two ion species. In another context, Grzybowski et al. ͓6 ,7͔ studied experimentally a 2D system with two different-sized ferromagnetic particles ͑disks͒ on liquid-air interface and confined by an external magnetic field. They found that different-sized particles can either separate or mix, depending on the experimental condition. In all the above studies, only two species of particles are considered, and how different species separate or mix is still not known in general. In practice, however, systems can contain many different species of different properties. It is thus of interest to investigate the ground-state structure of systems containing more than two species of charged particles and obtain the general conditions for species separation.
In this paper, we extend the work of and study by MD simulation the structures of systems with several species of charged particles in a 2D quadratic trap, such as that of charged dust grains in a rotating plasma. The ground-state ͑the state at zero temperature͒ configurations of systems with different species and particle numbers are investigated and compared. It is found that particles with the same mass-to-charge ratio s tend to group together in a common shell whose location also strongly depends on s: the greater the value of s, the closer is the corresponding shell to the center of the trap. The rule also appears to be independent of the total particle number and species numbers.
We consider a system of N = ͚ k=1 n N ͑k͒ charged particles interacting through the 1 / r Coulomb potential, where n is the total species number in the system, and N ͑k͒ is the particle number of the species k. We assume that the particles are confined by a quadratic trap ͓8,10,12,13,17,18,22͔, centered at the origin and increasing radially as r 2 . The Hamiltonian of the system is then H = K + U, where K is the kinetic energy and
is the potential energy. In Eq. ͑1͒, r i is the position of the particle i ͑=1, ... ,N͒, 0 is the constant trapping frequency, and ͑constant͒ is the dielectric constant of the background medium. Moreover, Q i ͑k͒ and M i ͑k͒ are the effective charge and mass of the particle i belonging to species k, respectively. In the ground state, we have H → U. The potential energy can be rewritten as
where we have normalized the masses and charges by that of the first ͑k =1͒ species ͓18͔, and made use of the dimensionless space coordinate r 0 and energy E 0 by
Without loss of generality, we have dropped the particle index i on Q i ͑k͒ , M i ͑k͒ , q i ͑k͒ , and m i ͑k͒ , since particles of the same species are indistinguishable. For convenience, we also introduce the species mass-to-charge ratio s ͑k͒ = m ͑k͒ / q ͑k͒ , such that s ͑1͒ =1. The model for particle trapping is applicable to a rotating system where the rotation is independent of the properties of the particles of interest. The rotation can be induced physically or as in the case of a dust-containing plasma by an external perpendicular magnetic field ͓23͔. In the latter case, the plasma as a whole rotates at , say the ion cyclotron frequency. The much heavier and slow-responding dust grains ͑of mass m͒ embedded in the plasma then experience a centripetal force, corresponding to the potential energy 1 2 m 2 r 2 . Such a model has also been used ͓18͔ in the simulation of the self-assembly of ferromagnetic particles on a liquid-air interface ͓6,7͔. There a rotating external magnetic field not only causes the fluid system to rotate but it also makes the disklike particles to spin around their own axes, resulting in a hydrodynamic Coulomb-like repulsive interaction between the particles.
We use MD simulations to follow the motion of the particles. To achieve the ground-state configuration, each run is started with random spatial and velocity distributions of the particles at a high temperature ͑T = 0.05→ 1.0, where T has been normalized by E 0 ͒. The system is then slowly annealed until the zero temperature ͑T =0±10 −6 ͒ is reached. The annealing time is 6 ϫ 10 4 0 −1 , and the integration time step is 0.003 0 −1 . We also run the same systems with different random initial distributions. When possible ͑namely for some 2D two-species cases͒ our results are compared and found to agree with that obtained from Monte Carlo ͑MC͒ simulations ͓19͔. Following Drocco et al. ͓17͔, the accuracy of the simulation was also verified by reproducing exactly the ground-state configurations of the single-species clusters ͓17,22͔. Figure 1 shows the ground-state configurations of a small two-species system with N = 19. The subfigures, all of the same arbitrary scale, are arranged such that the columns show the effect of the relative mass-to-charge ratio s ͑2͒ , and the rows show the effect of the relative charge q ͑2͒ . As observed in the earlier works, Fig. 1 shows that except for the innermost ones, the particles arrange themselves into ringlike shells. For most values of s ͑2͒ , except for s ͑2͒ = 1.0, particles of the same species are located in a common shell. Figure 1 shows that the ground-state structures depend only on s ͑2͒ . For s ͑2͒ = 0.6, the first row in the figure shows that the particles of species 2 arrange themselves into a ringlike shell at the outer region of the trap, surrounding the particles of species 1, and this arrangement is independent of the value of q ͑2͒ . However, higher q ͑2͒ values tend to make the inner species-1 particle distribution more compact. This behavior can be expected since here the overall cluster size is almost unchanged. When the ratio s ͑2͒ is 0.7, the particles of species 2 still surround that of species 1 ͑see the second row in Fig.  2͒ , but one particle of species 1 also appears in the outer shell. When s ͑2͒ is increased to 0.9, i.e., close to s ͑1͒ , two or three particles of species 1 appear in the outer shell. That is, particles of species 1 and 2 start to compete in shell occupation. When s ͑2͒ = s ͑1͒ ͑=1͒, the particles of the two species appear to be indistinguishable in the shell occupation, although they are of different mass and charge. When s ͑2͒ is further 
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The ground-state configurations for three species of particles. The total particle number is N = 64. The particle number of species 1 ͑dots͒ is N ͑1͒ = 45, that of species 2 ͑triangles͒ N ͑2͒ = 12, and that of species 3 ͑diamonds͒ N ͑3͒ = 7. The mass-tocharge ratios s ͑2͒ and s ͑3͒ are ͑a͒ 1.5 and 2.4, ͑b͒ 2.4 and 1.5, ͑c͒ 1.5 and 0.5, ͑d͒ 0.5 and 1.5, ͑e͒ 0.3 and 0.6, ͑f͒ 0.6 and 0.3, ͑g͒ 1 and 1, ͑h͒ 0.8 and 0.8, and ͑i͒ 1.5 and 1.5, respectively. increased to 1.1, i.e., larger than s ͑1͒ , the species-2 particles are located near the center of the trap, and are surrounded by shells formed by particles of species 1. From the above results, one can conclude that the relative locations of the particles of different species in the ground state is mainly determined by the relative mass-to-charge ratio: the larger the latter, the closer are the particles to the center of the trap ͓24͔. Clearly, the particle packing order is determined by a delicate balance at minimum total energy of the effects of the repulsive Coulomb particle-particle interaction and the quadratic trapping potential. The latter, which is only mass dependent, tends to push the particles to the center of the trap, with the heavier ones at the bottom. On the other hand, the repulsive Coulomb interaction, which is only charge dependent, tends to prevent the particles from coming too close together. However, the actual ground-state particle ordering is determined by minimizing the total energy of the whole system.
We now verify the above conclusion for the ground-state configurations of multispecies systems. In particular, we shall consider systems with three, four, as well as five species of particles. Figure 2 shows the ground state of a system with three species. The total particle number in the system is N = 64. For each subfigure, the mass-to-charge ratios s ͑2͒ and s ͑3͒ are different. We see again that particles of the same species tend to occupy common shells, with those of greatest mass-to-charge ratio at or near the center of the trap, and those of smallest mass-to-charge ratio at the edge of the trap. In other words, the location of the particles is still determined by the mass-to-charge ratio. However, when the ratio s ͑2͒ = s ͑3͒ = s ͑1͒ =1 ͑i.e., when the three mass-to-charge ratios are the same͒, as shown in Fig. 2͑g͒ , the particles are again indistinguishable from each other and form shells in a mixed manner, despite the fact that the mass and charge of different species are different. Figure 2͑h͒ is for s ͑1͒ Ͼ s ͑2͒ = s ͑3͒ = 0.8. One finds as expected that the particles of species 2 and 3 are indistinguishable from each other, and they form a ring that encloses the particles of species 1. Figure 2͑i͒ is for s ͑1͒ Ͻ s ͑2͒ = s ͑3͒ = 1.5. We see that again the particles of species 2 and 3 are indistinguishable. They are at the center of the trap and surrounded by shells formed by particles of species 1. Thus, we can see that the unique dependence of the particle distribution on the mass-to-charge ratio observed for two-species systems is valid. Figure 3 shows the ground-state configurations of a system with four species of particles. Here we also consider the effect of the total particle number N. From Fig. 3͑a͒ , which is for N = 64, one can see that the dependence of the particle distribution on the mass-to-charge ratio still applies. Figure  3͑b͒ is for N = 47, comparing it with Fig. 3͑a͒ , we see that the general rule for the ground state is not affected by the total number of particles in the system. Figure 4 shows the ground state of a five-species 100-particle system. Clearly, the rule for the particle distribution again applies. We have also considered still larger and more-species systems, and found that the rule always applies. That is, the rule is indeed independent of the total particle and species numbers and is quite general. In fact, wherever possible, we have also checked for the validity of this rule in the results of existing works ͓25͔, and found that it is indeed preserved.
In conclusion, a general rule for the ground-state configuration of a multispecies system of charged particles trapped in a quadratic potential is demonstrated by means of MD simulation. It is found that the larger the mass-to-charge ratio, the closer are the particles to the center of the trap. This rule is independent of the total particle and species numbers in the system. It should be pointed out that this result is valid only for the quadratic trapping potential appearing in the potential energy term ͑1͒. From the Hamiltonian, one can see that the importance of the mass-to-charge ratio on the particle distribution is obvious for the single-component case, in fact, even during the stage of dynamical evolution. However, the importance of s ͑k͒ for a multispecies system is not evident. An analytical investigation, albeit rather difficult, of the ground-state particle distribution would thus be desirable, and the results here can be useful as a guide. Our results may also be useful for understanding many cluster and crystal models based on the quadratic trapping potential, such as in some laser-cooled ionic systems ͓26-28͔ as well as ferromagnetic particle systems ͓6,7͔. 
